Homework #7, CHM6461 Spring 2008

1. Show that the exact distribution of frequencies for a one-dimensional crystal,
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agrees with that of the Debye approximation for a one-dimensional crystal as

v—0.
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In the Debye expression In one dimension,
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The density of state becomes:
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2. Derive the following exact expression for the energy of the 1-dimensional crystal:
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3. Derive an exact expression for the heat capacity of the 1D crystal and take the low
temperature limit. Is it consistent with Debye?
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For the monatomic crystal:
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At low temperatures, where only low frequency modes are
populated:
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Agrees with Debye i1n 1D.

4. Derive an expression relating the Debye frequency, v, and the maximum
frequency in the exact treatment of the 1D crystal.

The 1D density of states in the Debye model is (see Problem
#1):
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Compare this with vy, In the low frequency limit in the

“exact” treatment of the 1D crystal. From Problem #1, we
have
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5. The Debye theory treats the crystal as a continuum body, and hence the dispersion
relation for the phonons is @ =ck , where c is the speed of sound in the body. In a
ferromagnetic solid at low temperatures, there exist quantized waves of
magnetization called spin waves, and the dispersion relation for these type of

waves is @ oc k®. Find the low temperature heat capacity due to spin waves.
Assume that spin waves are quantized with energies
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The partition function for the spin waves may be written:
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We want to convert the integral to a summation. For this we
need to derive the frequency distribution function.
Assuming the ends of the chain enforce the boundary
condition, we have in 3D:
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Substituting in the dispersion relation, ay::Akz,
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The number of states having frequency < ¢ is the volume
enclosed in the octant of a sphere with radius R is
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The frequency distribution is g(w)=zingaﬁ::4ﬂzpé/2

We can substitute this into our expression for InQ:
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Lastly, we want to get the heat capacity, so take
derivative w.r.t T again. The first term vanishes since it

is T independent z.p.e.
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We can easily approximate Cv in the low temperature regime.
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Note the T*/?2 dependence of the heat capacity.

6. Consider a planar square lattice of identical atoms which vibrate perpendicular to
the plane of the lattice. If we let x;, be the displacement of the atom in the Ith
column and mth row, show that the equation of motion is:
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where m is the mass of an atom, and f is the force constant. Assume a solution of
the form
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The potential function in 1D is
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To generalize to vibrations perpendicular to the plane, we
need to indices, | and m to locate each atom. The potential
function becomes
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Now expand the potential about z=a using a Taylor series.
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Now differentiate to get the wave equation.
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a. Derive the dispersion function o(k).
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Now we need to make a guess at the solution fo the
difference equation.
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To summarize, our solution is x,(t)=exp|i(lg +mg, +aot)]

It repeats itself every Al=27z/¢p, and every Am=2z/¢, . This
is a wave in both dimension with wavelengths
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This results In the dispersion relation we are looking for.
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b. Simplify the expression (k) in the long wavelength
limit to obtain
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We use the approximation sin(x)=x for small x. Thus,
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c. Derive an energy expression for this 2D lattice.
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Now insert the dispersion relation, in the long wavelength
limit:
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The frequency distribution function is:
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The energy expression, derived previously, is
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