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CHM 6461, Spring 2008 HW#5 solutions

1. Evaluate the isotermal-isobaric partition function of a monatomic ideal gas by
converting the summation over V in the following equation to an integral:

N T p ZQ N V €) e—e/kTe—pV/kT

Solution: rewrite in terms of Q.

AN, T,p) =) Q(N,V, T) el
\

whereQ (N, v, T) - 9= _ L (V3"

Nt = N1 A3
-pV/KT
(NTprIA3NZ N gPV/
Convert to an integral :
1 < _
AN, T,p) = WL (V)N e PV/KT gv
© N+1 N
[Fomvervamay - Mooy (K1) oy (KT
0 (&) p p
Thus, A (N, T, p) = — 2. N (k—T)N— (k—T)N
Ed Ed 7 N'A3N . p pA3

2. Given that Dy for H2 is 103.2 kcal/mole and that o, =6214K , calculate Dy for
both D2 and T2.

In the Harmonic oscillator approximation, theenergy is
1
€ = -De + B wy (V+§)

The bond dissociation energy is Dg

Recall D - Dy = ﬁ%
Thus, De = 2“Y ., D,

2
From the given information, o, =hw, /K, sowy, =key/h

N| -

| k . ,
where wy = -;-.Forahomonucleardlatomlcu:: m,

where m is the molecular mass.

h wy + Do = A ko + Do = k ey + Do

De = — 2 " n 2

Thus, for onemole,
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De (H2> =
r ey b cal 1000 cal
de = +do /- {r-» 8.314 — ——, dop » 103.2kcal —— —, 6, » 6214K}
K 4.184 ) kcal
109374. cal

Assuming D¢ is the same for all three species, we solve for Dy for each :

o)

Do = De - ;V

Oy (H2 wy (Hz u (D2) m (D)

= = = =4/2
6y (D2 wy (D2) \//J (H2) \/m (H) V2
Oy (D2) 1 @y (Ha)
2) = —/— 2

A\ \/5 \"2

ey (T2) *i® (Hz2)

A\ \/§ \"

Thus, for D,

Do (Do) = 103200. cal - = L @, (Hy) -

0 2) = - 2 \/5 \% 2) =
Do = de - — o /. {ros.3143 o | 6214k
0= __V?V-{_)- K 21845 "~ }
105008. cal

For T,

j 1
Do = de - — @V/.{r—>8.314ii—_—,®\,—>6214K}
2 3 K 4.184j

105809. cal

3. Use the Euler-MacLaurin summation formula to simplify the rotational partition
function. The result is

T 1,0 1 ;00,2 4 ,06r,°3
rot <T>:®—r(1+§(%)+1_5(%) - ope () ]

The rotational partition functionisq, =

[ee) [ee)

Z (2§ +1) e Ord J+1)/T _ Z (2§ +1) e O (J%+)/T
- i

Let

FII_1= (2j+1) e %7

_ (i+32) or

e T (1+2])
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fb = Limit[F[b], b > o, Assumptions - Re[e,/T] > 0]
0
fa = F[0]

1

To prevent the conditionoutput, use the Assumptionsoption :

€]
f0 = Integrate[F[j], {j, O, «}, Assumptions - Re[?r] > 0]

T

or
We define the 2 j - 1 derivative evaluatedata :
dfj[j_, a_] =Derivative[2 ] - 1] [F] [a]

F(—1+2j) [a]

Euler-MacLauren formula for a summation (using Mathematica"s definition of the
Bernoulli numbers (different from McQuarrie) is:

1 5
qr =0+ — (Fa+fb) +
c=t0. 2 DR

Bernoul 1iB[2j] (dfj[j, bl -dfj[j, 0]);

q[T_] =Limit[q,, b > o, Assumptions » Re[©,/T] > 0]

1 T o 4 02 . o3 . 4 0% .
3 Or 15T 315712 31573 3465 T4
6162 19 ef 689 0] of ey

+ +

66528 T5 39600 T6 = 133056007/ 53222478 47900160 T°

The expressions agrees with McQuarrie's.

4. Using the Euler-MacLaurin expansion, derive the 2nd and 3rd order corrections
to the first order high-temperature limit of Er and Cvr. Express your result in
terms of a power series.

1 2
ar = F0+ = (fa+ ) +le

[

BernoulliB[2 J] (dfj[j, bl -dfj[J, 0]);

23!

[

q[T_] =Limit[g,, b > o, Assumptions » Re[e,/T] > 0]

2 3
L - 3

1
3 e 15T " 6072 72073

kT2 dq

Energy is calculated from - 5
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e = Factor [k T2 o DIq[T], T1]
ql[T]

3KT (240T*-16T2 02 -8T6Z + 0%)
72074 + 240 T30, + 4812062 + 12T 03 - OF

cv = Factor[D[e, T]1]

(3k (172800 T8 + 115200 T ©, + 46080 T ©2 + 23040 T° @F - 2208 T* ¢ -

864 T3 07 -96T?0f +16Te/ -06f)) / (720 T* + 240 T o, + 48 T? 02 +12Ted - o4)?

5. Calculate and plot the percent of para-D2 as a function of temperature
(assuming thermal equilibrium).

The rotational temperature of D2 is 42.7 K. f=leto = Tagking terms up to j=100 is

Npara

sufficient for temperatures up to at least 300K.

for g - BSUML2i+1) e (4273 U1/ {j, 0, 100, 2}]
(i1:= 3Sum[(2j +1) e-42-75 4+1)/T | (j, 1, 100, 2}]
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PIot[lOO , {T, .1, 300}, AxesLabel » {"T'", "% para D2"}]

1+ F[T]

% para D2
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- Graphics -

b_Plot the temperature dependence of the constant volume heat capacity of an equi-
librium mixture,ortho/para-D2.

Form the partition function for D2 :

qlT_]1 =
BSUM[ (2 +1) e @271 A+1)/D 1§ 0, 100, 2}] +3Sum[ (2 +1) e “2-73G+=1/D (5 1,100, 2}];

e[T_1=nkT”2(1/q[T]) D[Q[T], T] /- {k>1.3810"2, n» 6.02210%%};

Cv[T_] = D[e[T], T];
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Plot[CVv[T], {T, -1, 300}, PlotRange -» All, AxesLabel » {"T (K)", "Cv (J/K/mol)"}]

Cv (J/K/mol)
10
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c.Repeat part (a) for ortho/para 15N2.To what temperature must one go to get>50%
para-15N27?

For N2, the characteristicrotational

temperature is2.88K. The fraction parais

0 - npara -
%para =100 npara + northo ~

FIT 1 - 3Sum[(2j +1) e2-88d U4+1/D (5 1,100, 2}]
[T_1:= 1Sum[(2j +1) e-(2-885 G+1)/T) | (j, 0, 100, 2}]
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PIot[lOO , {T, .1, 10}, AxesLabel » {""T", "% para N2"}]

1+ F[T]

% para N2
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- Graphics -
Need to go down below 3 K for > 50%para - N, (nitrogen-15, spin-1/2).
6. Derive the symmetric and anti - symmetric nuclear spin statesofD..

Using Mathematica® sbuilt - in function,
ClebschGordan[{j,, m1}, {j,, m2}, {j, m}]

Let the direct products be specifiedass[m;, my] . For D, thereare 9 DP states : s[1, 1],
s[1, 0], s[1, -1],

s[0, 1] ... The Clebsch - Gordon series gives the possible total spinl :

1-2,1, 0, withdegeracies5, 3, 1,

respectively. These are the eigenstates of the rotational Hamiltonian,

i.e. eigenstates of 12. These stateswill be specifiedas t[I, m]

1 1
t[fl_,m]:= Z Z If[m; + my == m, ClebschGordan[ {1, my}, {1, m2}, {l, m}] s[my, ma], O]
mi=-1mp=-1

Note the use of the :-=
operator to delay evaluation. We use the conditional since the C -
G vanishesunlessm; + my = m.

Thus we can quickly generate all 9 states :

Forl =2:
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t[0, 0]
s[-1,1] s[O0, O] . s[(1, -1]
V3 V3 V3

7. A more accurate expression for the vibrational energy of a diatomic molecule is

En = (n+ %) hV—Xe (n+ %) hV
where xe 1s the anharmonicity. Calculate some thermodynamic functions

Constructing the partition function :

q - Ze’gn/kT _ Z e en/KT _ Z e ((N+3) hv-xe (n+3) hv) /KT
n=0 n=0 n=0

@ [ee)

Z ef(m;r) hv (L+xe) /KT _ efé hv (1+xe) /KT Z e Nhv (L+xe) /KT
n=0

n=0

Use the series expansion for the exponential, Z e@n = T oan
n

e’% hv (1+xe) /KT N
9= T o kr> =0

For example, the Helmholtz energy is thus calculated :

efé hv (1+xe) /KT
A= -KTInQ = -NKT In T o hv (Tra] /KT

_NKT In (e—% hv (l+xe)/kT) +nkT In (1- (e—nhv (l+><e)/kT)

=L Nhv (14 %) + NKT In (1 -

2
Inmost cases, hv >> KT, so

e—hv (1+xe) /kT)

A:%th (1 + %e)



